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Abstracts of Senior Theses at Williams College directed by
Thomas Garrity

1990-1991

1. Andrew Beveridge, “Steps towards a Morse-Smale Algorithm”

Our goal is to determine the rank of the homology groups of a real
algebraic manifold M . In this exposition, we outline the steps needed
in order to determine the homology of the manifold using a Morse-
Smale flow. Our method employs a numerical solution to the Morse-
Smale gradient flow of the height function. This reduces the problem to
solving certain ordinary differential equations. One major assumption,
found in section 4.2, must be made in order to solve these equations. We
explicitly approximate the local coordinate system at a certain critical
point given by the lemma of Morse. We also find an approximation for
every orbit connecting a critical point p to a critical point q where the
indices of these points satisfy λp− λq = 1. Further assumptions must
be made in section 6.5 in order to use our approximations to determine
the homology of the manifold.

2. Michael Donofrio,“Calculating the Intersection Number of Complementary-
Dimensional Cycles”

Given a manifold and two intersecting cycles of complementary dimen-
sion contained in the manifold, all defined by the complete intersections
of polynomial equations, we provide an algorithm for calculating the
intersection number of the cycles. The algorithm begins by finding as
an orientation for the manifold a basis for its tangent space at any
point on the manifold. We then perform a similar construction for the
tangent spaces of the intersecting cycles at their intersection points. If
the intersection point is transverse then we assign to it either a pos-
itive or negative orientation. If the point is not transverse, then the
orientation of the cycles at that point is not well-defined. We present a
method of perturbing one of the cycles so as to insure that the new cy-
cle will intersect the unperturbed cycle transversely around the original
non-transverse intersection, thus enabling us to assign an orientation
to that intersection.

3. Erin Lagesen, “On the Projective Equivalency of Curves and Surfaces”
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This thesis constructs a theoretical method by which to determine (1) if
two curves in the complex-projective plane are projectively equivalent
and (2) if two generic smooth irreducible surfaces in complex-projective
3-space are projectively equivalent. We will accomplish this by looking
for certain points on the curves, respectively surfaces, which possess dis-
tinguishing properties which remain invariant under projective change
of coordinates. Knowing that such points on one curve, resp. surface,
would necessarily map to the same such points of a projectively equiv-
alent curve or surface, we will use these points to set up all of the
projective linear transformations that would possibly map one to the
other. We will then test the projective transformations on the curve or
surfaces to determine whether they are projectively equivalent.

1991-1992

1. Elizabeth Gibbons,“On Computing the Orientability of Algebraic Man-
ifolds”

This thesis presents an algorithm which determines in simple exponen-
tial time if a given manifold embedded in Rn and described by rational
polynomials is orientable, and assigns an orientation to the manifold
if it is. For manifolds that are complete intersections, the problem is
trivial. Given a manifold that is not, the algorithm finds pieces of the
manifold that are complete intersections, which we shall call ”chunks”,
which cover the manifold. Determining whether or not it is possible to
consistently orient each of these chunks so that all orientations agree is
equivalent to determining whether the manifold is orientable.

2. Amy Huston, “On Whitney Stratifications for Semi-Algebraic Sets”

Sufficient background is given to understand a number of formulations
of the Whitney Conditions. Several versions of the Whitney Condi-
tions are presented and discussed. Time bounds are given to a known
stratification algorithm. Also given are possible directions for future
work in trying to create an efficient algorithm to Whitney stratify a
set.

3. Cherie Macauley, “The Complexity Bounds of the Multivariate Sign
Sequence Algorithm”
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We provide complexity bounds for John Canny’s multivariate sign se-
quence algorithm. This is an algorithm for determining the signs of the
polynomials

f1(x1, . . . , xn), . . . , fn(x1, . . . , xn)

at the isolated roots of the system of polynomial equations

P1(x1, . . . , xn), . . . , Pk(x1, ...., xn).

We find that the majority of the steps of the algorithm can be reduce
to determinant calculations and hence, the complexity bounds of com-
puting a determinant.

1994-1995

1. David Dela Cruz, “Analysis of Manifolds Using Morse-Smale Homololgy”

A topological object can be defined as a set of points in a space. A par-
ticular beautiful topological object to examine is the manifold. Given
two n-manifolds, it is interesting to know if they are topologically
equivalent- that is, whether we can bend, twist and stretch one to get
the other. The topological invariants of two manifolds must be the same
if the two manifolds are the same under topology. One such invariant
is the homology groups. Singular homology theory describes homology
groups for manifolds in the abstract. Morse-Smale homology allows us
to capture homology groups algebraically as well. This thesis is an ex-
position of singular homology theory, Morse theory, and Morse-Smale
homology, followed by an algorithm that can be used to approximate
Morse-Smale gradiant flows on algebraically-defined manifolds.

2. Christopher French, “Computing the Intersection Homology Groups of
a Complex Algebraic Variety”

An algorithm is given to compute the intersection homology groups
for a complex algebraic variety. Two previously developed algorithms,
the Collin’s CAD Algorithm and Prill’s Adjacency Algorithm, are pre-
sented and used.

3. Dimitry Korsunsky, “One Approach to Factoring Multivariate Rational
Polynomials over the Complex Numbers”
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Factoring a given multivariate polynomial is an important task in sym-
bolic computation. Potential uses for an efficient solution to this prob-
lem could be found in various branches of applied mathematics, such as
computer-aided design and theorem proving. Several algorithms giving
different methods for factoring multivariate polynomials had been cre-
ated over the years (Noether 1922, Davenport and Trager 1981, Chris-
tov and Grigoryev 1983, etc.). The theoretical basis for the Bajaj,
Canny, Garrity and Warren algorithm is topological in nature. There
it is proved that the suggested approach when implemented in parallel
will execute in shorter time as compared to earlier solutions. Although
a sequential solution which was implemented achieves lower efficiency
there is a significant advantage in that it can be used in a large vari-
ety of settings. The program had been written using the Mathematica
software package.

1995-1996

1. Daniel Ebert, “Probabilistic Enumerative Geometry: How many inflec-
tion points are real”

Classically, enumerative or counting questions have been answered in
complex projective space, where the answers are precise. In this project,
we ask these enumerative questions in real affine space; in real space
the answers may no longer be precise. For instance, changing the coef-
ficients of an nth degree polynomial gives a different number of roots.
So, we must answer these enumerative questions in real projective space
probabilistically, finding the expected, not exact, number. After ex-
amining Edeleman and Kostlan’s exposition and expansion on Kac’s
formula for the expected number of real roots of a random polynomial,
the thesis focuses on trying to find the number of real inflection points
on an nth degree polynomial. Interestingly enough, through Mathe-
matica calculations, the expected number of real inflection points for a
quartic and quintic is a little less than twice that of the expected num-
ber of real roots for an mth degree polynomial where m is the degree of
the resultant of the Hessian curve with the original quartic or quintic
polynomial curve.

2. Daniel Kim, “ExaminingGk Continuity Along Tubular Neighborhoods”
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We use concepts of geometric continuity to develop a relationship be-
tween manifolds and tubular neighborhoods. Specifically, we examine
a pair of Ck manifolds of dimension r whose intersection is along a Ck

manifold of dimension r-1; if the r-manifolds meet with Gk continuity,
then the boundaries of their corresponding tubular neighborhoods in-
tersect with Gk−1 continuity. We also discuss possible ways to extend
the scope of this research.

3. Alexander Meadows, “The construction of the Moduli Space of Quadri-
lateral up to Similarity”

A method for constructing a space of quadrilaterals modulo similarity
is provided. We begin with several methods of constructing a space
of triangles up to similarity. Then we construct the moduli space
of quadrilaterals up to similarity using both algebraic and geometric
methods.

1998-1999

1. Zachary Grossman, “Relations and Syzygies in Classical Invariant The-
ory for Vector-Valued Bilinear Forms”

The goal of invariant theory is to describe the algebra of invariants for
a vector space under a given group action. We examine the First Fun-
damental Theorems for the general linear group and for vector-valued
linear forms, which describe the invariant rings for their respective vec-
tor space. We also examine the Second Fundamental Theorem for the
general linear group, which describes the basis relations between the
invariants of that group. The main theorem of the paper, the Sec-
ond Fundamental Theorem for vector-valued bilinear forms, uses the
Kunneth formula to describe the basis relations between invariants of
vector-valued bilinear forms and to provide a method for finding the
resolution of the entire syzygy chain.

1999-2000

1. Tegan Cheslack-Postava, “Questions of Uniqueness for Triangle Se-
quences in m Dimensions”

The present paper focuses on the question of uniqueness-when does
an m-dimensional triangle sequence correspond to a unique point in
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Rn. It is known in the two dimensional case that there are infinite
sequences corresponding to entire line segments and that particular
characteristics of the sequences will guarantee to identify unique points.
We will extend both of these results to higher dimensions.

2. Adam Schuyler, “A Structural Analysis of the Triangle Iteration”

Classically, it is known that the continued fraction sequence for a real
number is eventually periodic if and only if the number is a quadratic ir-
rational. In response to this, Hermite posed the general question which
asks for ways of representing numbers that reflect special algebraic
properties. Specifically, he was inquiring about possible generaliza-
tions of the continued fraction. In this paper we will study the triangle
iteration, a two-dimensional analogue of the continued fraction. We
will take a primarily geometric approach and look at the probabilities
of the occurrences of certain sequences.

2002-2003

1. Michael Baiocchi, “Triangle Sequence Analogs to Pell’s Equation”

The solutions to x2 − dy2 = 1, the Pell equation, are intimately bound
up with the periodicity of the continued fraction expansion of the square
root of d. We present a higher dimensional analog to the Pell equation
which is bound up the with the periodicity of the multi-dimensional
continued fractions known as triangle sequences. We will show that
this analog has many of the characteristics of the original Pell equation:
infinite integral solutions determined by the expansion of a number,
finitely generated group structure on the solutions sets, and a strong
connection to the units of a given field.

2. Edvard Major, “Phase Transitions of a Generalized Farey Number The-
oretical Chain”

This thesis briefly reviews basic concepts of statistical mechanics. A
detailed exposition of the Farey Number-Theoretical Chain (FTNC)
model is provided. Critical phenomenon of this statistical-mechanical
model is further discussed.

The Knauf Number-Theoretical Chain (KNTC) model is revisited, and
an elegant new proof of exact phase transition location is provided.
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A couple of new two-dimensional number sequence models that assume
Knauf-like, denominator interactions are proposed. The first one is
based on a sequence introduced by Von Rudolf Monkemeyer and D.
Grabiner. The existence of the model’s phase transition is verified.

To construct the remaining models, a couple of new continued frac-
tion R2 algorithm-generalizations are proposed, and their properties
analyzed. The existence of respective phase transitions is proved.

3. Mark Rothlisberger, “Generalized Continued Fractions”

Every real number has a continued fraction expansion which can be
developed in several ways. Continued fractions are closely tied to dis-
tinguishing quadratic irrationals and determining properties of the al-
gebraic number fields that they determine. The generalized continued
fractions that we develop and investigate will follow the approach of
Minkowski by using convex bodies in R3, namely parallelpipeds, to ap-
proximate certain vectors and planes. These methods will resemble the
geometric development of continued fractions, and we will demonstrate
that some of the results from continued fractions generalize as a result
of this method. Two approaches will be given: the first is not original;
the same approach is contained in Minkowski’s A Criterion for Alge-
braic Numbers. The second generalization is original in the choice of
parallelpiped, but employs methods from Minkowski’s The Theory of
Continued Fractions. We will examine the connection between the two
generalizations.

2003-2004

1. Christopher Calfee, “Triangle Sequence Revisited: An In-Depth Look
at Triangle Iterations”

Purely periodic triangle sequences correspond to cubic irrationals alpha
and beta. We will show a variety of methods for finding the irreducible
cubic polynomials corresponding to both alpha and beta. Finally, we
will explore some of the interesting polynomials which emerge from the
sequences that are purely periodic of periodicity length one.

2. Andrew Marder, “The Farey-Bary Map Revisited”

Two generalizations of the Minkowski ?(x) function are given. As ?(x)
maps quadratic irrationals to rational numbers, it is shown that both
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generalizations send natural classes of pairs of cubic irrational numbers
in the same cubic number field to pairs of rational numbers. It is also
shown that these functions satisfy an analog to the fact that ?(x), while
continuous and increasing, has derivative zero almost everywhere. Both
extend earlier work of Beaver-Garrity on the Farey-Bary map.

2006-2007

1. Shea Daniel Chen, “Growth and Combinatorial Properties of the Tri-
angle Sequence”

Triangle sequences are a type of multi-dimensional continued fraction.
We investigate growth rates of the denominators in triangle sequences,
in analog to the growth rates of the denominators in continued frac-
tions. In particular we look at the analog of the Euler totient function
for triangle sequences, which gives us the number of points in the tri-
angle sequence given a denominator. We also study the distribution of
denominators for special sets of triangle sequences. Finally, we present
a combinatorial representation for triangle sequences.

2007-2008

1. Son L. Ho, “Preliminary Work on Manifolds in Higher Codimension
Embedded in Rn+k”

Our main goal is to build a machinery to work with manifolds of higher
codimension in Rn+k. We take a look at the map from the manifold
M to a polynomial space, defined by using second fundamental form
matrices. The multiplicity of roots of polynomials in (M) are preserved
under various changes of coordinates. This leads us to believe that the
map captures interesting geometric information of M. And in the last
section we prove a result which indicates that it is the case for a certain
type of codimension 2 manifolds.

2. Haydee Lindo, “On Computing the Intersection of Algebraic Hypersur-
faces”

A Groebner basis approach is developed for projecting the intersec-
tion of two algebraic hypersurfaces to a hypersurface. In terms of the
Groebner basis, an algorithm is given for producing the rational map
from the projected hypersurface back to the original intersection.
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3. Amy Steele, “On Panti’s Generalization of the n-Dimensional Minkowski
Question-Mark Function”

A real number x is a quadratic irrational if and only if it has an eventu-
ally periodic continued fraction expansion. This property led Hermann
Minkowski to construct a function that can be seen as the confrontation
of regular continued fractions and the alternated dyadic system within
[0, 1]. The function has zero derivative almost everywhere, and is con-
tinuous and strictly increasing. In this, we discuss the n-dimensional
analogue of Minkowski’s function as defined by Giovanni Panti.

4. Paul Alexander Woodard, “On Equivalence Relations on Sequence Spaces”

Given a sequence space S, we can define an equivalence relation ∼X on
S by setting

(xn) ∼X (yn)

for sequences (xn), (yn) ∈ S if the sequence (yn− xn) is in X, where X
is a subspace of S. Examples include spaces such as li, the space of ab-
solutely summable sequences, and c0, the space of sequences converging
to 0. The quotient space S/ ∼X is also a vector space, so we can study
the linear functionals which act on it. To this end, we examine infinite
matrices whose rows, as elements of the dual space of Xconverge weak*
to (0).

2011-2012

1. Noah Goldberg, “Monkmeyer Map Analogues to Stern’s Diatomic Se-
quence”

Stern’s Diatomic Sequence is a well-studied sequence of integers which
stems from continued fractions. The Monkmeyer Map is a type of
multidimensional continued fraction. We will examine an analogue of
Stern’s Diatomic Sequence for the Monkmeyer Map.

2. Stephanie Jensen, “Ergodic Properties of TRIP Maps: A Family of
Multidimensional Continued Fractions”

We study the ergodic properties of several of the most relevant TRIP
maps, as family of multidimensional continued fractions that encom-
passes many well-known algorithms. As a first step, we show these
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maps converge almost everywhere. From there, we are able to prove
ergodicity.

2013-2014

1. Ilya Amburg, “ Explicit Forms For and Some Functional Analysis Be-
hind a Family of Multidimensional Continued Fractions – Triangle Par-
tition Maps – and Their Associated Transfer Operators”

The family of 216 multidimensional continued fractions known as known
as triangle partition maps (TRIP maps for short) has been used in at-
tempts to solve the Hermite problem, and is hence important in its
own right. This thesis focuses on the functional analysis behind TRIP
maps. We begin by finding the explicit form of all 216 TRIP maps
and the corresponding inverses. We proceed to construct recurrence
relations for certain classes of these maps; afterward, we present two
ways of visualizing the action of each of the 216 maps. We then con-
sider transfer operators naturally arising from each of the TRIP maps,
find their explicit form, and present eigenfunctions of eigenvalue 1 for
select transfer operators. We observe that the TRIP maps give rise to
two classes of transfer operators, present theorems regarding the ori-
gin of these classes, and discuss the implications of these theorems; we
also present related theorems on the form of transfer operators aris-
ing from compositions of TRIP maps. We then proceed to prove that
the transfer operators associated with select TRIP maps are nuclear
of trace class zero and have spectral gaps. We proceed to show that
select TRIP maps are ergodic while also showing that certain TRIP
maps never lead to convergence to unique points. We finish by deriv-
ing Gauss-Kuzmin distributions associated with select TRIP maps.

2015-2016

1. Emmanuel Howard Daring, “Generalizations of Multidimensional Con-
tinued Fractions: Tetrahedron and k-Dimensional”

The decimal and continued fraction expansions of a number are pe-
riodic if and only if the number is rational or a quadratic irrational,
respectively. Multidimensional continued fractions aim to replicate this
property with different types of irrational numbers, partitioning a tri-
angle to produce a periodic sequence if the coordinates of the point the
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sequence describes are at worst cubic irrationals in the same number
field. In this paper, we redefine an existing multidimensional continued
fraction algorithm which partitions the triangle. This new definition
lends itself to being generalized to higher dimensions, partitioning any
infinite n-th dimensional simplex to produce periodic sequences when
the coordinates of a point are algebraic in the same number field of
degree n + 1. We observe this generalization in action for the case n
= 3, where the 3rd dimensional simplex is a tetrahedron.

2. Elizabeth Frank. “Blowing Up Toric Varieties With Multidimensional
Continued Fractions”

Because toric varieties are built up from convex geometry, there is a
natural connection to be made with triangle partition maps, which are
multidimensional continued fraction algorithms. Our motivation to ex-
plore this connection is showing that to resolve the curve yp = xqwe
follow a path of blowups given by the continued fraction expansion of
p/q. Dividing the triangle according to the Triangle Map turns out to
be equivalent to blowing up an axis in C3. We apply these blowups
to resolving singularities of curves. We also discuss these blowups and
blowdowns in terms of attracting or repelling curves toward or away
from curves defined by a quadratic irrational or a pair of cubic irra-
tionals with a periodic triangle sequence.

3. Generalizing the Minkowski Function Using Triangle Partition Maps
Peter Morton McDonald, Jr.

In this paper, we present two previous attempts at generalizing the
Minkowski Question Mark Function before presenting a framework for
generalizing ?(x) to a family of 216 multidimensional continued fraction
algorithms known as triangle partition (TRIP) maps. Furthermore, we
place these 216 maps into 15 classes whose associated generalization of
the Question Mark Function is related by a linear transformation and
show for 7 of these classes that this function is singular.

2019-2020

1. Akhil Dayal, “Using Modified Rauzy-Veech Induction to Relate Interval
Exchange Maps and Continued Fractions”
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The relation between traditional Continued Fractions and Interval Ex-
change Maps is known. This thesis will lay out a brief framework
for variations on traditional Continued Fractions, as well as a frame-
work for Interval Exchange Maps, then link how to use a process called
Rauzy-Veech induction to Interval Exchange Maps to variations on
the traditional Continued Fraction factoring algorithms in both two
and three dimensions. From here, using Interval Exchange Maps, we
will relate the variations of Continued Fraction algorithms to the re-
normalization process of cutting sequences.

2. Konnor Herbst, “Measure Invariance and Transfer Operators for Con-
tinued Fraction (TRIP) Maps”

The dynamical behavior of the Classical Continued Fraction Map, the
Gauss map, is well known. The invariant measure associated with
the Gauss Map, the Gauss measure, has been known since the 18th
century. The Gauss measure was used to show that the Gauss map is
ergodic, a result that is loosely related to the idea of the Gauss Map
“mixing up” the unit interval in an even way. In this thesis I will lay
out a brief framework for 7 additional permutations of the Gauss map,
dubbed the TRIP framework. From there I will explain how these new
continued fraction maps are built from the much simpler Farey maps
and prove results about the invariant measures of each new map. Lastly
I will prove some results about the relationship between the Transfer
operators for these TRIP maps.

3. Jacob Pesikoff, “Bases, Boats and Bijectivity: An Exploration of Con-
tinued Fractions and Their Manifestations”

This thesis begins with an introduction to continued fractions. It will
then draw inspiration from the preprint Farey Boat: Continued Frac-
tions and Trian- gulations, Modular Group and Polygon Dissections
written by Sophie Morier- Genoud and Valentin Ovsienko. Using eight
variations of continued frac- tions, two of which are in the preprint and
six that were more recently dis- covered, we will explain how to create
and deconstruct boats, which are fully triangulated polygons subject
to additional restrictions. Through processes that will be well-defined,
boats will be shown to be unique for given fractions. From this result,
we will discuss various ways or representing boats, such as through
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knots, snake graphs, and cutting sequences, as well as how boats re-
late to the fairly new subject of cluster algebras. These discoveries for
two dimensional continued fractions will be helpful for exploration of
higher dimensional contin- ued fractions. We will conclude with prac-
tical applications of these concepts, as well as opportunities for future
discovery.

2021-2022

1. Wael Baalbaki

2. Aidan Dunkelberg

3. Rene (Isaac) Mijares


